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Abstract— Three dimensional (3D) structures composed of
planar surfaces can be build out of accessible materials using
easier fabrication technique with shorter fabrication time. To
better design 3D structures with planar surfaces, realistic mod-
els are required to understand and evaluate mechanical behav-
iors. Existing design tools are either effort-consuming (e.g. finite
element analysis) or bounded by assumptions (e.g. numerical
solutions). In this project, We have built a computational design
tool that is (1) capable of rapidly and inexpensively evaluating
planar surfaces in 3D structures, with sufficient computational
efficiency and accuracy; (2) applicable to complex boundary
conditions and loading conditions, both isotropic materials and
orthotropic materials; and (3) suitable for rapid accommodation
when design parameters need to be adjusted. We demonstrate
the efficiency and necessity of this design tool by evaluating a
glass table as well as a wood bookcase, and iteratively designing
an origami gripper to satisfy performance requirements. This
design tool gives non-expert users as well as engineers a simple
and effective modus operandi in structural design.

I. INTRODUCTION

3D structures built by combining planar parts are exten-
sively applied in various aspects, such as in our daily life
[1], [2], architectures [3], nature [4], and engineering [5]–
[7]. For example, engineers build light-weight 3D structures
and robots from 2D planar materials by harnessing origami-
inspired folding as a design and fabrication method [7],
[8]. This technique has gained its popularity due to its
advantages: (i) accessible materials, e.g. plywood, cardboard,
and paper; (ii) ease of fabrication, e.g. using saws and paper
cutter; (iii) shorter building time and less required training
compare to other 3D manufacturing techniques, e.g. 3D
printing, milling, lathing and drilling; and (iv) suitable for
building large scale and small scale structures.

Even though 3D structures with planar surfaces have
such potentials as mentioned above, designing them is still
quite challenging. The design of 3D structures with planar
surfaces requires iterative approach for accruing satisfactory
performance, which can be both consumptive and laborious.
This necessitates a demand for design tools that can both
efficiently aid non-expert users to evaluate designs based on
desired behaviors as well as facilitate engineers to perform
effective iterative design at preliminary design stages.
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Fig. 1. A flow chart of our computational design paradigm with a bookcase
design example.

However, exact solutions for analyzing 3D structures can
be complex and sometimes impossible to obtain. For sim-
plification analysis, previous research have analyzed planar
surfaces in 3D structures individually and then incorporated
them through hinges (e.g. origami devices [9] and paneled
furniture [10]). This provides us an insight to investigate pla-
nar surfaces in 3D structures individually as our evaluation
approach in our design tool.

There exist some evaluation tools that have been used
on planar surfaces in 3D structures: (1) There exist various
analytical solutions in solving plate problems [11]. Even
though analytical solutions give the exact results, existing
solutions are few and can only analyze limited plate shapes,
boundary conditions and loading conditions. (2) Finite El-
ement Analysis (FEA) has been widely used in various
engineering fields. However, FEA can be cumbersome, with
uncertain accuracy and speed [12]. It is time consuming and
computationally expensive, therefore not a suitable tool at
preliminary design stages, especially for non-expert users.
(3) There are other numerical solutions for approximating
plate problem, such as the Finite Difference Method (FDM),
the Boundary Collocation Method (BCM), the Boundary
Element Method (BEM), the Galerkin Method, and the Ritz
Method [13]. While numerical solutions are straightforward
and simple to use, there are extensive assumptions attached to
them, which limits their feasibility [14]. (4) Some mathemat-
ical models have also been developed for evaluating planar
3D structures, such as the bar-hinge model, which replaces
plates with extensional bars and rotational springs [15]. Even
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though it is computationally cheap and able to capture the
deformations happening in plates, only selected nodes can
be calculated accurately [16].

Computational design has been proven to be efficient with
good accuracy in rapid structural design [17], [18]. In this
project, we have incorporated existing plate theories with a
numerical method (i.e. Galerkin Method of Weighted Resid-
ual) to build an effective and straightforward computational
design tool that can be easily adopted by non-expert users as
well as rapidly used by engineers in the design and evaluation
process (Fig. 1).

The contributions of this work include the followings:
• a computationally rapid and inexpensive evaluation of

3D structures with planar surfaces;
• a tool capable of rapidly predicting structural failure and

evaluating potential solutions for iterative design;
• demonstrations of our design tool’s capabilities and

feasibility: enabling structural rapid failure prediction,
rapid redesign; easy to adjust design parameters (e.g.
geometry information, boundary conditions and loading
conditions); and applicable to both isotropic materials
and anisotropic materials.

The remainder of this paper is organized as follows: in
Section II, we review plate bending theory and Galerkin
Method of Weighted Residual; in Section III, we present the
detailed implementation of our design tool using the theory
and numerical solution technique reviewed in Section II;
the design efficiency and accuracy are demonstrated in
Section IV; two furniture examples and an origami gripper
example are presented in Section V; in the end, the conclu-
sion is discussed in Section VI.

II. BACKGROUND

In this section, classical plate bending theory is presented
first, followed by method of weighted residual as a numerical
method to effectively approximate solutions in this plate
bending problem. By applying this approach, one can use
our design tool to rapidly and effectively analysis bending
planar surfaces in 3D structures.

A. Classical Kirchhoff Plate Bending Theory

The classical Kirchhoff–Love static plate bending problem
assumes: (1) thin plate; (2) small deformation; and (3)
constant thickness, etc. The problem can be expressed as
the following governing differential equation [19]:

Dx
∂ 4ω

∂x4 +2Dxy
∂ 4ω

∂x2∂y2 +Dy
∂ 4ω

∂y4 = D(ω) = P (1)

where Dx, Dy and Dxy are the bending rigidity of orthotropic
plate, ω = ω(x,y) is the deflection, D is the differential
operator, P = P(x,y) is the distributed transverse loading per
unit area. For isotropic material, Dx = Dy = Dxy = D.

B. Boundary Conditions

There are three types of boundary conditions [19], [20]:
• simply-supported: ω = 0 and Mn = 0;
• clamped: ω = 0 and ∂ω

∂n = 0;

• free: Mn = 0 and Vn = 0.
where Mn is the moment normal to the boundary, n is the
normal direction to the boundary, and Vn is the reaction force
normal to the boundary.

C. Method of Weighted Residuals

When physical formulation of a problem is described as a
differential equation, method of weighted residuals (MWR)
is widely used to approximate numerical solutions [21]. The
base function (approximated deflection function ω̃(x,y) in this
case) and residual function R(x,y) can be expressed as

ω̃(x,y) =
k

∑
i=1

ciϕi(x,y) (2)

R(x,y) = D(ω̃(x,y))−P(x,y) (3)

where ϕi(x,y) is shape functions and ci are coefficients. The
goal is to reduce residual R(x,y) so as to get more accurate
results. By applying MWR to plate bending theory, solving
fourth order differential equations is reduced to solving linear
equations, which is computational inexpensive and rapid.

III. DESIGN TOOL DEVELOPMENT

In this section, we discuss in detail how we develop our
design tool by applying MWR to approximate solutions of
plate bending problems in a rapid fashion.

A. Loading Condition

In order to ensure easy integration, fast calculation and
generalization to various type of loading condition, loads are
approximated using polynomial regression [22], [23]. Fifth
order polynomials are used in this project to ensure efficiency
while maintaining accuracy.

P(x,y) =
5

∑
r+s=0

brsxrys (4)

B. Shape Function Selection

nth order two-dimensional polynomial transformations are
applied as linearly independent sets to build shape function
ϕ(x,y) (Eq. 5) [24]. Unknown coefficients a j are solved by
applying ϕ(x,y) to satisfy boundary conditions [19], [20].

ϕ(x,y) =
r

∑
j=1

a jxpyq, p+q≤ n, r =
(n+1)(n+2)

2
(5)

C. Residual Calculation

Coefficients ci can be calculated by solving the residual
function (Eq. 3). There are different methods for solving
residual functions, such as Galerkin method, least square
method, collocation method, and subdomain method [25].
Among these methods, Galerkin method is capable of solv-
ing problems with more elaborated geometries, reduces the
dimensionalilty of the problem faster [26]. Therefore, we
choose to use Galerkin method of weighted residual in this
project, where residual function is then expressed as(

R(x,y),ϕ(x,y)
)
= 0 =⇒

∫ ∫
R(x,y)ϕ(x,y)dxdy = 0 (6)
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Fig. 2. Work flow of our computational design tool.

D. Design Tool Implementation

1) System Input: There are five inputs in our design tool.
(i) Mechanical properties: Young’s modulus Ei j, Poisson’s

ratio νi j, shear modulus Gi j and constant thickness t. i and
j indicate directions in Cartesian system;

(ii) Geometry information: plate vertices locations;
(iii) Boundary conditions: constraint types on edges;
(iv) Loading conditions: uniform loads approximated in

polynomial forms as defined in Section III-A;
(v) Design criteria: failure modes with metrics, such as in-

dustrial standards and/or specified behavioral specifications,
etc.

2) System Implementation: As shown in Fig. 2, MWR
with Galerkin method is used in our design tool to rapidly
approximate deflection solution ω̃(x,y) with the minimum
polynomial order n automatically determined by our design
toolbox. Once we have all parameters ci’s a j’s resolved by
processes stated in Section III-B and III-C, our design tool
will generate an approximate polynomial solution for out-of-
plane deflection as

ω̃(x,y) =
k

∑
i=1

ci

( r

∑
j=1

a jxpyq
)

(7)

3) System Output: Besides the deflection function men-
tioned above, our design tool is also capable of outputting
derivative behavioral properties. Using the approximated
polynomial solution, by taking partial differentials, our sys-
tem can generate other distributions across the plate, such
as stresses, moments, shear forces, etc. Those can be further
used in evaluating the feasibility of the resulting designs by
comparing with specific design criteria.

Thanks to the high speed and low computational con-
sumption, our design tool is desired for rapid iterative

design. When the output indicates failure, the system design
parameters (e.g. geometry information, boundary conditions,
and loading) can be continuously and easily adjusted in a
rapid manner until a successful design is gained.

IV. DESIGN EFFICIENCY AND ACCURACY VALIDATION

In this section, we first compare the computational com-
plexity between our design tool and FEA. We then verify
our comparison using an example by comparing the speed
and accuracy of our design tool (implemented in MATLAB
R2019a) with FEA (Solidworks Simulation, 2019 Edition)
and an analytical solution.

A. Computation Complexity

We use big O notation to denote the asymptotic com-
plexity. We can observe that the dominating terms in the
expression for the computational complexity of the algorithm
come from the calculation of the coefficients of ci and a j,
calculated from solving Eq. 2 and 5 respectively. Equation 6
produces a system of equations that allows us to solve Eq. 3.
Since solving a system of linear equations has the same order
of complexity as matrix multiplication, we estimate that our
algorithm has a computational complexity of

O(rα + kα) (8)

With k and r consistent with their definitions in Eq. 3
and 5 respectively. α is a constant that ranges from 2.3
to 3 depending on the method of matrix multiplication or
matrix inversion used [28]–[30]. For the purposes of this
algorithm, [29], Gauss-Jordan elimination, or QR decompo-
sition is generally most efficient due to the small constant
term compared to [28] and [30] as r, k should be relatively
small (r + k ≤ 1000). We can estimate for relatively small
values of n (n≈ 10), that k >> r from the data collected in
Table I (Section IV-B). In [31], FEA was found to have a
computational complexity of

O(NW 2) (9)

where W is the bandwidth of the stiffness matrix, and N
is the number of nodes, with the dominant term coming
from the complexity of a linear solver. The bandwidth of the
stiffness matrix, and the number of nodes are both inversely
proportional to the mesh size. Since both algorithms rely on
linear solvers for the dominant complexity term, the matrix
needed for FEA to achieve the same accuracy compared to
our algorithm is larger. This suggests that our algorithm also
requires less storage than FEA.

B. Calculation Speed and Accuracy

To verify our analysis in Section IV-A, we compared
calculation time complexity and accuracy. We compared
results from FEA and those from our design tool compiled
in MATLAB with one existing analytical solution [27]. The
computation machine we used was Intel® CoreTM i7-7567U
CPU @ 2.50GHz with 16.0 GB RAM. The example plate
problem used the following properties:



TABLE I
CALCULATION SPEED AND ACCURACY COMPARISON BETWEEN SOLIDWORKS SIMULATION AND OUR DESIGN TOOL

Analytical
solution [27] Solidworks Simulation Our design tool

ωmax
(×10−4mm)

Mesh size
(mm)

ωmax
(×10−4mm)

∆ωmax (×10−4mm)
[error %]

CPU time
(sec)

Polynomial
order n

ωmax
(×10−4mm)

∆ωmax (×10−4mm)
[error %]

CPU time
(sec)

4.1214

17 0.7510 3.3704 [81.78%] 4.78
8 4.0658 0.0556 [1.35%] 4.23

15 1.1920 2.9294 [71.08%] 7.53

6.5 4.0740 0.0474 [1.15%] 32.33
12 4.1199 0.0015 [0.04%] 7.88

2 4.1230 0.0016 [0.04%] 732.14

• Geometry properties: 250 mm×500 mm×0.1 mm rect-
angular plate;

• Mechanical properties: Young’s Modulus E = 2.1×
102GPa, Poisson’s ratio ν = 0.3;

• Boundary conditions: all four edges clamped;
• Loading condition: a P = 0.8N/m2 uniform load.
We compared the maximum deflections from FEA and

our design tool with the analytical result [14], [32] (Table I).
CPU time was also compared between FEA and our design
tool. Results in Table I shows increasing polynomial order
results in higher accuracy but longer computation time. In
FEA, we started with a large mesh size to achieve compatible
solving time as that of our design tool and then decreased it
to achieve compatible accuracy. In the example case shown
in Table I, to achieve the same calculation speed, our design
tool had higher accuracy (81.78% error v.s. 1.35% error
and 71.08% error v.s. 0.04% error); to achieve competitive
accuracy, our approach was at least 764% faster. From these
results, we have evidence for our hypothesis that our design
tool requires a smaller matrix to be solved for the same
accuracy compared to FEA. This demonstrates the efficiency
of our design tool.

V. DESIGN TOOL DEMONSTRATION

When designing furniture, one important factor is to
ensure the structural rigidity, which requires domain experts’

knowledge and/or extensive modelings to correctly predict
structural behaviors. Using the subsequent three design prob-
lems, we will prove the following capabilities and feasibili-
ties of our design tool: (1) it is suitable for non-expert users
to rapidly predict failure modes such as material breakage
and structural over-deflection; (2) it is applicable to isotropic
material (e.g. glass and plastic) and anisotropic material (e.g.
wood); and (3) it is suitable for complex boundary conditions
and loading conditions.

A. Furniture

1) Bookcase: Bookcases are usually assemblies of side
panels with horizontal shelves, made out of orthotropic
plywood [10]. To build a viable bookcase, one needs to de-
termine whether shelves meet industrial qualification, which
states L/144 (L as the length of the shelf) to be the maximum
acceptable deflection of a wood shelf [33].

We decided to design and evaluate bookcase shelves to
validate our design tool. In our design, we chose to use
Brich plywood as constructive material, which is a material
can not be solved using existing intuitive solutions such as
beam theory. In our design, panels were assumed rigid in
order to focus the design problems on shelves, which were
575mm× 275mm rectangular plates. This shelf geometry
layout permitted a maximum 4mm deflection.

In our analysis, we first evaluated a shelf design that had
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two shorter edges partially clamped (Shelf 1 in Fig. 3).
When applying 20kg weight across each 3mm thick shelves,
we noticed maximum deflection surpassed the maximum
permitted deflection. We then adjusted boundary conditions
and or design tool rapidly gave us an updated evaluation
in approximately 10s. We repeatedly and rapidly adjusted
the boundary conditions for three designs and noticed none
worked for 3mm thick shelves. We then increased the
thickness of each shelf and rapidly obtained the results
which indicated all three shelf designs passed industrial
qualification when shelf thickness is 6mm (Fig. 3).

To validate our design tool, we built two physical book-
cases and applied 20kg weight across each shelf. Plates were
cut using laser cutter (Trotec Speedy 300 Laser Engraver)
and then assembled by nailing and slot-fitting [34] depending
on connection requirements (Fig. 4(a)). 6mm thick Birch
plywood was used to build panels to ensure structural rigid-
ity. 3mm thick shelves (Fig. 4(b)) and 6mm thick shelves
(Fig. 4(c)) were tested separately and results matched those
in Fig. 3(b) and (c).

2) Glass Top Table: We also designed a rectangle glass
top table with the four corners clamped (Fig. 5(a)), as those
commonly found in IKEA. The table was composed of a
900mm×300mm×2.3mm clear glass top (E = 70GPa, ν =
0.22) and legs made out of flat-pack plywood assemblies.
The glass top was partially clamped at the two shorter edges
as shown in the schematic diagram in Fig. 5(b).

We applied our design tool to evaluate the glass top. Based
on the evaluation, when a 7.15kg weight was displaced at
the center as a 160mm×240mm patch load, the maximum
resulting stress on the plate would reach the glass’s modulus
of rupture (≈ 40MPa) and cause it to break. The entire
evaluation took 23s.

To validate our design tool, we built a glass table and first
put a 0.73kg book at the center (Fig. 5(c)). There was no
break detected on the glass, which matched the prediction
from our design tool. We then increased the weight to and
6.77kg without breaking the glass. When weight surpassed
7.15kg, glass top did break (Fig. 5(d)) as expected from our
design tool. This proved the accuracy of our design tool.
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Fig. 5. Computational design of a glass top table. (a) Table design.
(b) A schematic diagram for the glass top plate with boundary conditions
and loading condition. (c) A 0.73kg weight at the center with no damage
on the table. (d) A 9.54kg weight caused the glass to break. Parameters:
L = 900mm, w = 300mm, t = 2.3mm, Lp = 160mm, wp = 240mm, s1 =
370mm, s2 = 30mm and s = 100mm.

To demonstrate the necessity of our approach, we used
beam theory to provide intuition. When approximating the
glass top as a beam fixed on the two ends with central
distributed load [35], results indicated the maximum stress
to be 31.75MPa, which failed to predict the breakage. This
further indicates the necessity of our design tool non-expert
users to both rapidly and correctly evaluate design with
complex boundary conditions and loading conditions.

In sum, by presenting the above two furniture demon-
stration, our design tool has been proved to provide people
without design experience an accessible technique to rapidly
evaluate different designs and easily adjust parameters before
spending time and effort building physical products.

B. Origami Gripper

Oriceps origami gripper (Fig. 6(a)) is a potential solution
for building disposable and inexpensive medical forceps as
well as inexpensive toy robots [36], [37]. This gripper can
open and close by pulling the ears to perform grasping
operations (Fig. 6(b-c)). However, due to the lack of bending
rigidity on fingers, deformation on finger tips will reach
operational limitation when gripper tries to lift heavy weights
(Fig. 6(d)). Improvements on design need to be made on
fingers to address this issue.

As shown in Fig. 6(e), a gripper (parameters in Table II)
was built using Grafix Dura-Lar film as constructive material
cut by Silhouette Cameo 4. It was actuated by pulling the ears
using tendons. The gripper reached a 50g calibration weight
and closed to grasp the weight (Fig. 6(f)). As gripper tried
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to lift the weight, fingers bent and tips’ deflection exceeded
operation limits (1mm) and failed to lift while other plates
in the gripper still functioned (Fig. 6(g)).

In order to prove the efficiency of our design tool in
an iterative design process, we compared it with other two
common approaches: trial-and-error (naive) and FEA. It is
worth noting that the analytical solution is not included here
due to its limited applicability for simple geometry, boundary
conditions, and loading. We iteratively changed fingers’
design parameters such as thickness t and length L, fabricated
and tested each design until a gripper was able to lift the
weight (Fig. 6(h-i)). Each design iteration took significant
amount of time fabricating physical samples. Example design
parameters can be found in Table II, though other values and
parameters can also be adjusted with the same manner. Same
finger designs, with boundary conditions and loading condi-
tion shown in Fig. 7, were then evaluated using Solidworks
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TABLE II
ORICEPS ORIGAMI GRIPPER ITERATIVE DESIGN PARAMETERS AND

COMPUTATION RESULTS.
(w1 = w2 = s = 25mm, w3 = 15mm, α = 50°.

ITALIC TEXT: FAILED DESIGNS. BOLD TEXT: SUCCESSFUL DESIGN)

Design
iteration

t
(mm)

L
(mm)

Finger tip deflection
Naive

approach
FEA
(mm)

Ours
(mm)

1 0.37 75 Over-deflect 28.20 30.73
2 0.37 62.5 Over-deflect 12.64 16.64
3 0.55 62.5 Over-deflect 3.89 5.62
4 0.55 50 Over-deflect 1.31 1.45
5 0.76 50 Good-to-go 0.50 0.55

Simulation and our design tool. In Solidworks Simulation,
every time finger geometry changed, meshing and calculation
had to be re-computed which took significant amount of time
and effort. Same approach was applied to our design tool. In
contrast, every time design parameters changed, our design
tool would perform the evaluation directly after design input
was updated. Tip deflections are summarized in Table II
and the comparison of the elapsed time for iterative design
is shown in Fig. 7. It can be found that, on average, our
approach is about 10 times more time-efficient than the
naive approach and 8 times more than Solidworks Simulation
during each iteration.

Moreover, to prove the necessity of our design tool, we
applied back-of-the-envelope calculation commonly used by
non-expert users as a comparison to prove intuitive approach
would fail this task. The finger was modeled as a cantilever
beam with distributed line load on the tip using beam theory.
Design 5 in Table II was applied to the calculation and a
1.6mm tip deflection was obtained, which failed to capture
the behavior and demonstrated the necessity of our approach.

VI. CONCLUSION AND DISCUSSION

The presented design paradigm provides an insight in
which 3D structures can be designed and evaluated. Using
our design tool, the planar surfaces in three dimensional
structures can be rapidly and efficiently evaluated and re-
designed without building physical samples. With our design
tool, design iterations are now independent from long manu-
facturing time since every new design can be computationally
evaluated within seconds. The simplicity of our design tool
gives non-expert users the ability to develop products with
better quality and waste less material and time.

Future work include extending our design tool to effi-
ciently analyze other plate behaviors such as out-of-plane
twisting and in-plane buckling. A complete computational
design system can be built based on this framework. We
expect the complete system to be able to take any 3D
structure made out of planar surfaces as input, decouple it
into individual plates and apply analysis to individual plate
so as to provide effective evaluation and further redesign
recommendations.
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